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0 1 1 1
e : (1 0 1 1
(30p) 1. Se considera matricea A = 11 0 1 eM,(R).
11 10
Sa se calculeze A™ si determinantul matricei A", n € N*.
Solutie:
1111 2p
_ 1111
Avem A = —I; + B,unde B = 11 1 1
1 1 1 1
Deoarece B - (—13) = (—I3) - B =>
n n 4
AV = (=l + B = Y Cr - (—I)" k- BR = (=1 + > Cr - (-1)"" - BK P
k=0 k=1
Cum B? = 4B, presupunand cia BX = 4k=1.p = pk+1 = Bk.p =4k.p 5p
si conform metodei inductiei matematice => B® = 4""1.B, V ne N* .
AP = (=L + D (CF (1) 4k By = (—I)h + 2 Y (CF (-1 49y =
k=1 k=1
B B { B B
— (T — (—1 V. — 4 k_lnfk_k=_ n( __) — (= n _—
R = D" g4 2(C T ) = D" (=) 4 (1)
_ oy + T 6p
a b b b 3p
Daci notim a = ~—+=CD" §ib=w =>A" = b a b b , VneN*
4 b b a b
b b b a
Calculeaza detA = —3, de unde p
det(A™) = (det(A))" =(=3)" ,n € N*. 3p



mailto:registratura@isjtm.ro
http://www.isj.tm.edu.ro/

INSPECTORATUL SCOLAR JUDETEAN TIMIS
Str. Dr. Liviu Gabor nr. 1, 300004, Timisoara,

Tel +40 (0)256 305799, Fax2mail +40 (0)371 627683
registratura@isjtm.ro, www.isj.tm.edu.ro
Operator de date cu caracter personal nr.18818

03290/
<, &

1 1
Ca+5Ch+ -+ CR

(20p) 2. Si se calculeze lim T 7 .
n—oo 22+E.23+...+E.2n+1
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Solutie:
x 1,102 1-n 2,1 93 1 9n+1 4
Noteaza xp = Cp +-Cp + -+ —Cyisiy, = 2°+-- 27+ -+ ~-2 P
2n+2 " .
Yni1 = Yn == > 0, VneN"=>(y,),, estecrescitor.
2n+1 .. 2 ) . . 2p
Cum yp, >— V neN" si 11113010 T =0 obtine ll_{?oy” =00, (¥,),, este nemarginit .
1 1 1 1
lim Xnan _ g C111+1+§C121+1+'"+mcrylli11—crlz—gc%—'“—;cryzl 5p
n—-o Yn+1~Yn n—-o nLH.ZTHZ
1 1 1
— lim C‘r%+1_C‘r%+E(CTZL+1_CTZL)+"'+;(CTYLL+1_CT?)+ECTTIIIII _
- 1 on+2 -
noo n+1 2
0,1c1, 4 1m-1, 1 -n
— lim CrtsCat oty 4 Cn 3p
- 1
n—oo —_.pn+2
n+1
n n 3
1 k 1 k+1 p
+1
_imk+1 _on+l "
= lim—F————=lim—————=
nooco  ———.pn+2 No>00 1 on+2
n+1 n+1
1 c Ck+1
1
li n+lim " li 2l q 3
—nl_T;Zlo 1 ont+z nl_rl)lo ntz 3 p
n+1 1
. . . X . X —X
Conform lemei lui Stolz-Cesaro lim === lim 2=
n->wYn n-oYn+1=Vn 2
. . . . . 1 1+x
(20p) 3. Se considera sirul (x,),s; de numere reale definit prin x; = \/; s Xnp1 = | - on>1.
Sa se calculeze lim (x4 - x5. ... - x,).
n—>00
Solutie:
s s
X1 = COS— = CO0S— 2
1 4 22 P
s s
Xz = COS— = COS 3 2p
- . . ] . . _ T ¥
Demonstreaza prin inductie matematica x,, = COS 57 V neN 4p
- s s T 1
Demonstreaza xq - X5. ...* X, = €COS— - COS — * ... * COS = ———,V neN* 8p
22 23 2n+1 Zn'Slnw
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4p

lim (xq - x Xp) = lim ! = lim
n—-oo 1 20 n n—oo Zn-Silen% n—oo -sinw

(20p) 4. Pentru fiecare n € N consideram numerele a,, , b, € N astfel incat (2 + \/§)n =a, +
b, V3.
a) Aratati ca (2 — \/§)n = a, — b,\/3 pentru orice n € N.

b) Determinati lim n

n—-oo Un

Solutie:

a)

Fiec,, d, €EZ cuc, —d,V3 = (2 — \/§)n

Aratam ca afirmatia P(n): (a,, b,,) = (¢, ,d;) este adevirata pentru orice n € N
Inductie

Verificare: P(0): co — doV3 = (2 — \/§)0 =1=2¢cy=1,dy=0

Cuma0+b0\/§=(2+\/§)O:1:>a0:1,b020 2p
= (agy, by) = (1,0) = (cy,dy) = P(0) adevarata

Inductia :

P(n) N P(n + 1) . Presupunem ca pentru orice n € N oarecare are loc P(n) si demonstram ca
atunci are loc si P(n + 1).

P(TL) < (anr bn) = (cn» dn) (1)

s + bpV3 = (2+V3)" = (2+V3)" - (2+3) = (an + byV3)(2 +V3) =

4
=(2a, + 3b,) + (a,, + 2b,)V3 = a,,, = 2a,, + 3b, si by, = a, + 2b, (2) P
n+1 n n
CTl+1 - dTL+1 = (2 - \/§) = (2 - \/§) (2 - \/§) = (Cn - dn\/g) (2 - \/§):
=(2c,, + 3d,) — (¢, + 2d,)V3 = cpyq = 2¢, + 3d,, sidyyq = Cp + 2d, (3)
Din (1), (2), 3) = (an+1,bnt+1) = (Cny1,dny1) = P(n+ 1) adeviratd
= P(n), V)neN e (2 - \/§)n =a, —b,V3 ,(V)neN 4p
b)
an+bn\/§:(2+\/§)n o Zan=(2+\/§)n+(2—\/§)n
tn—b3=(2-V3)" (2603 =(2+v3)" = (2-V3)"
_ (2+v3)"+(2-v3)"
n — 2 4p

_ @23

b, e
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o _ Elewaeva] R )

b (2+v3) -(2-v3)" 1_(:_@"
2-3 2=\ _
Cum0<m< 1=>1111_)1£10(2+\/§) =0

n—oo bn 1-0

2p
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